
LARGE DEVIATIONS for max ofDeforce RANDOM MATRICES

⑦BASIS 90E: 110 entries up to symmetry
-

↳mathm(M.19,Husson-M.'23):zonsite either
Wijwaso,it

· G0t+DN. Du teteministic ("deformedGot")

· ZDrZn, ZwMY,t, Zij - No,m), Dwas
above. ("befametsamp.cor.")

(full rank, not BBP). In both cases, we computeexplicit, simple
5:R-IR s.t.

⑪(Imaxx) =exp(- NI(x))

and I is analytic exceptatexplicit, simple xc.

⑳boday:Why is xe interesting?
ReagLOPSin RMT: I

some pr

oci

Given on on whose evals typically look likeajun-->

with dmax-r():= rightendpoint (m) typically, ask either
⑧ P(r= [S1:=v) =exp(-Nd(r))

Today speet
rate fu

② P(ynxx) =exp(-NI(x)).
Lusually &<B,so I(x) =+00fo x<r(p)).

Ru: Different scaling from typical fluctuations P(dmox-(m) +SNY) =TWIs).



Exaythm (BenArors, Dembo, Guionnet (a) Imax (405) has a=1,

I(x) =29nd
if x2

if x>2

Rms:& "x=+00"

② Stettjes transform G(x)
=(t satisfies (-(z-G(a))G(z) =0.

This equation has "second brauch"Gtz), and

x(x)=S(a(y)-- G(y)]by -will see again late.

⑭ NATIONS
①Algorithmic motivations

Conside numerically maximizing a smooth, nonconvex, Gaussian fri
R"+R.

X
Local minima are traps! Informally distinguish easylhart

Myregimes by countingthem with karryformula:

Need to understand Hession atlocal max, specifically
↓local max

&(16+(4-(w))#54fw =03/4f =0]
.
uctuates at same scale as LOP of 3max

so Ican appear in
count. eg.. Ben Arus-Mei-Montanai-Nica 119 a "spiked

tenso model"relies on Maita 107 LOP for Imax(G0t+De,e).

Ben Arous-Biri-Maillard 119 (physics):Similar story, butfor GLMS

(some ML motel), and for all witpts instead of justlocal maxima.

To get local maxima, would need LOP for max (ZwDrZ), Du full-k

wiloutliers. Maillard,20 (physics):LDP for Jaax (ZwDrZr), Da
full ok without outles. A special case of our result makes this rigorous.



② (Dellocalization of evecs

calp6):fit some Rat model whose even interpolate bu

aged:mostmass a few roots.Its
so

I

· Lellgzed: mass spread more eraly an
etdiet:Rabe band matrices:Reatum, sterer. (supposed (Fyodoro- Marlin '91) to be

localized for WIN' (SOTD:WNY, Eeerscheine-shapin
delocalized for WIN' (SOM:WONYM, Borgate-Youg- Yau-You 119.

Emergalternative:"Conditional evers."

for some RMs, should happen that, conditioned on Edmaxx, Umax is
fel102.

· felocalized to xXc ⑪
·localized to xxxc

i.e cheapeststrategy to make amaxxchanges atXa
Examples:
①Sub-Gaussian Wigne matrices:Partial ever results ("loc. fo x large",

Look-Ducalez-Guionnet 23), butlimited info on what yo should be.

⑦ Our motels:No ever results, butsimple formula for contitate Xc.



Ope: Prob measure su (centert, unit variance) in A-sub-Gaussion of
Se*plt) =e** xR.

Taylor atzes ->musthave
AI. IfA=1,"sharp sub-Gaussion"(SSG).

SSG includes N0,1, Benoulli I, Uniform.

of:A Wight(ful matrix Wer is real sym, Wightrge, 10 upto symmetry.
known:(Ps -)
· A.1:LDP with some ofas Got (Grionet-Husson (18).
"x=+8": All xare tel. (Auger-Gurionet-Hussa "19)

-1:(certainful LDP with complicated IM (Look-Ducates- Griont 23, oterBall")

· Imle aozle Xx

· Exp>2 s.t. Ip(x) =Inoclal Xxx(2, xM)

ESo ACL,21, can take Xp
=A+

for As 2, no gress
2

ButIm(x) **, so InFnoc
Loc to x large enough

·"A=80":for heavie tails (pulls,colle-, 0ca(2),-

"x
=
2"always 10c. (Auger (18)

② Or-work:Even when A=1, can make nontrivial to by deforming.



⑭Results

tay:Justdefamet A=1 Wigner We (te) sample cow. analogous).
②

all:LetDu be deterministic, diagonal. How to evals of

Hv =Wr+DN

behave?
·Dr is finiterk, semicieleworthiesABP,

nottoday.

· If Du full- e.g. NowES..cons- some me, then notsemicia:

instead "free convolution"patpu W acl:
Example:Dr=diagla, ..., a,-a, ..,-a): Sa=1:MoSanta
We assume Du has no outliers
=>Imax(Hul-r(pope) tupically.as

: (m.19, Husson-M.'23) Imax (Harl satisfies an LOP, spect N,

L
xex) =Ehal-spapoluldy

analytic except at secondbachStreltjes
x=x, (x)=Gr(me)

+Gmor(mol) if finite

- 0.W.

&

:X-Ldo)=+0



Spetch:

Classical idea:Tiltthe measure

Here, good tilt (Grionet-Husson 18) e "[rk-one) spherical integral":
%o0, betem. BEN sya, ex

Feruricsun)[exp(NoSe,BeL] exp(N(j, ,max(II)
which is a special case ofCI integral

Euronet-Maita'os

6baw(07 exp(N+(AOBOY)
when A=trag (0,0, ..,0).
Tilt

↳(B) =e[exp(woe,Be)]
faves increasing max, esp. for large 8.

weshow: Vxe(2, xc) J0x st.
** (1max*x)= 1.

·EstimatingZe:fa x, de dominated by tellyede.

for xxx, no longer tree.
we approx by motels withxx

= +00.

· DG'23, Try to untestant exactly how localized e

contribute.



⑭ 0errorems
① Guess for undeformed Xe?

② Evec results for us?

③ Extension to case where Du has outlier (rected for ML directions)
④ RK-one H4 scales e, gives LOP for Imax, speed N.

RK-NHC scales ecN? Gives LDP for Nw, spect N2?

(Belinschi-Gurimnet-Hug'20).
⑰ SMAR
·LBPs for max of

- GOC+DN
· ZwDrZ

via HIC1Z tilt.

· Latte confirms/extents Maillot 20.

· Simple rate frs, analytic exceptatsimple xa, conjecturally relatedto
ever (be)localization.


