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*AT Gaussian Orthogonal Ensemble

Recall CO2 is a rantom NON real-symmetric matrix whose upper-

triangular entries
are interpertent Gaussians. With (wi

=nM:GOC

eigenvectors, this
talk is about large-N distributional limits of

--
your favorite sequence

CAN)r*, of
7Max Shi, Anti deterministic eat-symmetric NIN matricesas

↑aintheorem: Normalize Iuill=*, and let (y:zyrDo
S

repentent standard Gaussian rectors
(so lvill =N). If

rank (AN) = NE-a

for some 250 then not keep, just normalizationI
be ir

N -
S

max NCui Awui and ·ox CYi, AwYi
i =1

have the same N
too distributional limits.

Beefit: Reduces to Gaussian computations
-classical extremal

statistics, possible for any An. By making some

representative choices of An, get



Éyfix_) : fix K, fix a,, . . . , ax .

Let a=m!É ai
,

m = # { i : ai -_ a} , and any An with Spec(An)= {ayaz, . . ., ax , 0, . . ; 0} .
• Casey : If at least one ai > 0 , then

N

Fa ? Thi ,Anu:) - logN + G- E) loglogwtcn.la, . .;aid

Gumbel in distribution (i.e. PCLHS ≤ ×) PCRHS≤×)=éé
N

ta named distribution from extremal statistics

with cmca
,
,
. . .

,
a ") = log ( n (E)i÷) .5- I

g- =/a

• Casein: If all ai's negative , then with 8k = { (Krim)
""

,

↑a 7¥ Gii
,
Anni? -7 E-Weibull in distribution

[P(4¥ ≤×)
= {expttxl'T if ✗≤ o

1 if ×≥ 0

irrigate) : let An = diagG. . -, 1,0, . . ;D , rank/An)=N! out .

¥% 7¥ Nthi , Anu:) -N&logÑ -210GW + 109¥91 +109k¥
Gumbel in distribution .

Rm • Results also for ME? Kui ,Anni>\ , and for complex
-Hermitian case

(GUE) . Since GOE evecs are Haar- distributed on the

orthogonal group , result equivalent for Haar columns, in particular
for evecs of any invariant

ensemble (density I e-T-HH)j×)
• Rank-one GUE case : Lakshminarayan , Tomsovic, Bohigas,

and Majumdar 2008 .



④ WHO CARES?

①Detaiion
② Quantum (unique) ergodicity

← QCUIE

Hey: This is a sort of distributional ,
extremal delocalization/QUE .

Rmt: If rank
- one An = qq? then Chi, Anni> = Chi, } .

① Mean- field random -matrix evecs are flat (U; ≈ (¥ , . . ; END .

Can formalize in various senses , e.g. for any deterministic 119=9911--1
Kui , 9-71 ≤ %- with high probability , for each i. Cst)

or stronger
7¥

,

Ku;q> I ≤ Nfp with high probability ,
to- each of

CSE)

These are Size results
,

either Typical or Extremal .

Complemented by Distributional results like

"

in Lui
,g) is asymptotically Gaussian

"
(Dt)

Or

" MEIN tu;qY is asymptotically Gumbel
" CDE)

These are basically exercises for GOE , from special miracle (later,
but universality (proving these for other RMS, like Wigner = real

-

(incomplete)

symmetric with independent non- Gaussian entries) is very non-trivial . History :
CST) (SE) (DT) (DE)

universality Knowles -Yin Benigni- topalto Bargate-Yau
f" ' 13 izz , ,z Open !

Wigner



Opg : Forth :) evecs of a (even any
!) non- Gaussian Wigner matrix ,

¥ 7¥, Chi ,97 - logNt £ loglogn + log Ft EP Gumbel in distribution .

Even just for q=e , , so Gui,g) = U;GT .

Even subleading orders - state of

the art is 1- YI Chi,qT = Oclogw) , Benigni
- topalto 122 .

② Many disordered quantum systems have
1in

i.i→• (Yi, AY;)
= fijf(A)

where • (Y;) are eigenfunctions of some
Hamiltonian

- A is any deterministic operator
(observable) in some good class

' f is a model-dependent specific functional on this
class

either for most pairs i.j (
QE ) or

,
stronger, for all pairs iij (QUE) .

E×e : " Laplacian on some Riemannian manifolds

(influential QUE conjecture of Rudnick - Samak
'94
,

-

Regular graphs , both deterministic and
random .

- Random matrices (ou- setting)
sort of like higher- rank delocalization . Can also ask in senses CST), (SE)
( DT)

,

IDE)
. History in random matrices :

CST) : Bourgate-Yau 117

Bou-gate- Yau - Yin
' 20

(SE) :{ Benigni '21 } universalityCipollini- Erto's - Schroder
'
22

Benigni - Lopalto
'22

(DT) : { Cipollini - Erdés - Schroder '22

} Gaussian computation
④E) : this talk

4 universality open (harder than rank
- one case?)



#HEURISTICS (whyy:? Why ran restriction? WhyN'le?)
I

⑧Mole: Got egerectors are elugly distributed as independent standart

Gaussian vectors after Gram-Schmitt.

a: Maybe Gram-Schmitt is basically just a rescaling here, since
&high-dimensional Gaussian vectors are almost orthogonal
&norm of a Gaussian vector concentrates around N.

Iea is correct for a few vectors jointly, but Gram-Schmitt error

can att up after a lot of them. See works of Tieferg Diago around 2003 on exactly how far this can be pushed for various
- observables/metrics.
Hence our rank restriction. Note some

restriction on An is necessary:

1)AN = 16, then MaxNCui, Awhi7 = N is beterministic, but

m*Cy:, Aryi) fluctuates, so conclusion fails.

↑oationfor rest of talk:
Sizes:

Yijw

N8ijn
· k=kn = rank (Aw).

· Rotation-invariance > WLOG An = biag(a,..., ak,0,..., 07.
for simplicity here, set a=1.

·Let YERWXN have IID stanta Gaussian rows Yi.

· Let MeRNON have rows (i = GS(yi)=
:e. p is floor-orthogonal and (V,..., Uw) (m, ..., nn).

· For Visitis, first intex is as intex (more important).



↑swapmiracle: (Rankone for clarity) If An=e.e

*Sui Awui) n*(Vi, ArUi) =mUemy
since Haar measure is the same if you flip rows and columns.
That is, instead of fitsentries of allGram-Schmitt vectors,
only have to handle allyN entries of firstK Gram-Schmitt vectors!

Rk: 8 Huge benefit since GS error compounts for later ones.

⑳
&Completely fails for Wigner matrices.

↑

coupling: Let
K

Pr: =
max
sz, EYSE MEECANYAruDN K

Qu:= Main
*Cormal):If kN= rank(AN) =N'-9, then

Po- Qn * 0 in probability.
↑tah(why N'e): Deterministically

In(Aj + Bj) - g(Aj)=or(B;1
↑hus

|Pv - Qw) =15x(yij-yi +w(j)= -wh
-ns2yij(zrWij- yij) + (wVij - y))

*2003: a**IroVij-Yij)> (Probably figurators



1¥ 7¥
, only adds log factors, so ignore it.

Naivestrategy : Triangle inequality . Yij order- one, so get
1h - Qnl ≤ K ( 25% + (E)2) ~ KJE

which tents to zero if K " N
"?

Beterstrategy : for second term ,
K(JET already allows K" N'ʰ

(nothing to cancel anyway) .
Fo- first term

,
CLT instead of triangle inequality

morally saves ¥
,
so get site K.FI . ¥, , which also leads to ka NY?

technical : Actually implement via high-moment expansion (~ É moments for k~Nᵗ-4
.

The TNT ij
-

Yij is annoying , since
has projection of yi onto Jj for j < i , which

has norms in denominator . Carefully replace with projection of yi onto yj , which

is better for first high-moment expansion, with a second high -moment expansion .
All this is graphically bookkept, like Feynman diagrams . Bulk of paper.

④ Summitry
⑨ Quadratic forms of GOE/GUE eigenvectors behave as if the

eigenvectors were independent Gaussian
vectors

,

under a

rank restriction .

② This allows for explicit computation and limit
laws

.

③ Like a distributional , extremal
form of delocalization/QUE ,

④ Proof : Gauss - Gram- Schmidt , index
-

swap miracle , graphically
bookkept high -moment expansions.

⑤ Restriction rank(Av) ⇐ N'12 is the limit for CLT techniques?

② Open : Universality
(even for rank- one , even for second order) .


